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Abstract. We show that several spaces of holomorphic functions on a Riemann domain over 
a Banach space, including the nuclear and Hilbert-Schmidt bounded type, are locally m-convex 
Frechet algebras. We prove that the spectrum of these algebras has a natural analytic structure, 
which we use to characterize the envelope of holomorphy. We also show a Cartan-ThuUen type 
^ ' theorem. 

o 

in 

I— !■ Introduction 
< 

■ Holomorphy types were defined by Nachbin |42j in order to include in a single theory the most 

• commonly used spaces of holomorphic functions on infinite dimensional spaces, like the current, 

nuclear, compact or Hilbert-Schmidt type. Since Pietsch' definition of ideals of multilinear 
forms [44J, the theory of holomorphy types began to interact with the concept of normed ideal 
of homogeneous polynomials (see for example [321 [TJ [U [H]). We follow this approach in this 
I article incorporating them to the definition of holomorphy type. 

OO '. A holomorphy type 21 at a Banach space ii^ is a sequence {2t„(-E)} of normed spaces of n- 

homogeneous polynomials with the property that if a polynomial is in 21, then all its differentials 
also belong to 2t and such that their norms have controlled growth. In [30], Harris deduced a 
tight bound for the usual norm of the differentials of a homogeneous polynomial. Noticeably, 
we are able to show that every known (to us) example of holomorphy type satisfies the same 
bound (see the examples of the first section). 
^ ' A holomorphic function on an open set f7 of -E is of type 21 if it has positive 2t-radius of 

I convergence at each point of U [HI [211 1]- Similarly, entire functions of bounded 2l-type are 



defined as functions that have infinite 2l-radius of convergence at zero [26[ [10] , and it is immediate 
to generalize this definition to holomorphic functions of bounded 2l-type on a ball. We propose 
a definition of holomorphic function of bounded 2l-type on a general open set U oi E and on a 
Riemann domain spread over E, and study some properties of the space Hb%{U) of this class 
of functions. When 21 is the sequence of all continuous homogeneous polynomials (i.e. for the 
current holomorphy type) we recover Hh{U), the space of bounded type holomorphic functions 
on U. The space Hh{U) is a Frechet algebra with the topology of uniform convergence on 
[/-bounded sets. On the other hand, the spaces of nuclear [21j (see also [23l Exercise 2.63]) 
and Hilbert-Schmidt [43j polynomials were proved to be an algebra, and it is easy to deduce 
that the corresponding spaces of entire functions of bounded type are also algebras. A more 
general approach was followed in [10[ I12j . where multiplicative sequences of normed ideals of 
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polynomials were studied. A sequence 21 of normed ideals of polynomials is multiplicative if a 
bound for the norm of the product of two homogeneous polynomials in 21 can be obtained in 
terms of the product of the norms of these polynomials. We showed there that several spaces of 
entire functions of bounded type are algebras (with continuous multiplication). In Section [3l we 
prove that for every previously mentioned example of holomorphy type the corresponding space 
-f^fea(f^)) is actually a locally m-convex Frechet algebra with its natural topology. We also show 
that algebras Hh%{E) are test algebras for the famous Michael's problem on the continuity of 
characters. 

We study the spectrum of the algebra Hi,^{U) and show in Theorem 14.31 that, under fairly 
general conditions on 21, it may be endowed with a structure of Riemann domain over the bidual 
of E, generalizing some of the results in [11[12]. We show in Section [5] that the Gelfand extensions 
to the spectrum are holomorphic and that the spectrum is a domain of holomorphy with respect 
to the set of all holomorphic functions, as it was proved in [S^ for the current holomorphy 
type. We also characterize the -fffta'^nvelope of holomorphy of an open set [/ as a part of the 
spectrum of Hi)<^{U). The envelope of holomorphy for the space of holomorphic functions of 
a given type was constructed by Hirschowitz [3T]. He also raised the question whether the 
holomorphic extensions to the envelope of holomorphy are of the same type, see |3H p. 289- 
290] . We investigate this question for the case of holomorphic functions of bounded 21- type in 
the last section of the article. We need to deal with weakly dijferentiable sequences. The concept 
of weak differentiability was defined in [12J and it was proved there that it is, in some sense, 
dual to multiplicativity (see also Remark 16. 4p . The importance of this duality can be seen, for 
instance, in Example l3.12l where we prove that the Hilbert-Schmidt norm of the product of two 
homogeneous polynomials is bounded by the product of their Hilbert-Schmidt norms, improving 
a result obtained by Petersson [^3] . When the sequence 21 is weakly differentiable we succeed to 
show that the extension of a function in Hf,^{U) to the Hb<^-envelope of holomorphy of U is of 
type 21, thus answering in this case the question of Hirschowitz positively. On the other hand, 
it is known (see [141 Example 2.8]) that the extension of a bounded type holomorphic function 
to the i?b-envelope of holomorphy may fail to be of bounded type, thus, we cannot expect the 
extension of every function in H[)%{U) to be of bounded 2t-type on the ffba-envelope. We end 
the article with a version of the Cartan-Thullen theorem for Hh<^{U). 

We refer to |23l [39] for notation and results regarding polynomials and holomorphic functions 
in general and to [El [271 IMl [29] for polynomial ideals and tensor products of Banach spaces. 



1. Preliminaries 

Throughout this article is a complex Banach space and BE{x,r) denotes the open ball 
of radius r and center x in E. We denote by V^{E) the Banach space of all continuous k- 
homogeneous polynomials from E to C 
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We define, for each P G V^{E), a £ E and j < k the polynomial P^j G V^~^{E) by 




V 

where P is the symmetric A:-linear form associated to P. For j = 1, we write Pa instead of 

A Riemann domain spread over E \s a, pair (X, q), where X is a Hausdorff topological space 
and q : X ^ E \s a, local homeomorphism. For x G X, a ball of radius r > centered at x 
is a neighbourhood of x that is homeomorphic to BE{q{x),r) through q. It will be denoted by 
Bxix,r). When there is no place for confusion we denote the ball of center x and radius r by 
B^{x) (where x can be in E or in X). We also define the distance to the border of X, which is 
a function dx '■ X ^ ]R>o defined by dx{x) = sup{r > : B^i^x) exists}. For a subset A of X, 
dx{A) is defined as the infimum of dx{x) with x in A. A subset ^ of X is called an X-bounded 
subset if dxiA) > and q(A) is a bounded set in E. 

Let us recall the definition of polynomial ideal |27l [28] . 

Definition 1.1. A Banach ideal of (scalar- valued) continuous fc- homogeneous poly- 
nomials is a pair (21^, || • Hsife) such that: 

(i) For every Banach space E, ^k{E) = 2ljt n V^{E) is a linear subspace of V^{E) and 
II ■ ll2tfc(B) is ^ norm on it. Moreover, (2lfc(i?), || • ||<2tfc(£;)) is a Banach space. 

(ii) If T G C{Ei,E) and P G 2lfc(^), then PoT e 2lfc(^i) with 

\\P°TU^^(E^) < \\P\k^,(E)\\T\\'' ■ 

(iii) z I— )• z*^ belongs to 2lfc(C) and has norm 1. 

We use the following version of the concept of holomorphy type. 

Definition 1.2. Consider the sequence 21 = {^k}'kLii where for each k, 21^ is a Banach ideal of 
/c-homogeneous polynomials. We say that {21^}^ is a holomorphy type if for each / < k there 
exist a positive constant Ckj such that for every Banach space E, the following hold: 

(1) if P G 2lfc(S), ae E then P^i belongs to ^k-i{E) and \\Paih^,_i{E) < Ck,i\\P\kk{E)\\a\\^ ■ 

Remark 1.3. (a) The difference between the above definition and the original Nachbin's defi- 
nition of holomorphy type 02] is twofold. First, Nachbin did not work with polynomial ideals, 
a concept that was not defined until mid 80's after the work of Pietsch [33]. We think however 
that polynomial ideals are in the spirit of the concept of holomorphy type. Holomorphy types 
defined as above are global holomorphy types in the sense of [6j. Second, the constants consid- 
ered by Nachbin were of the form c^^i = {^)C^ for some fixed constant C. In most of the results 
we require that the constants satisfy, for every k,l, 

{k + lf+^ k\ l\ 



(2) Ck,i < 



{k + l)\ kf^l^' 



4 



SANTIAGO MURO 



These constants are more restrictive than Nachbin's constants, but, as we wiU see beUow, the 
constants c^^i of every usual example of holomorphy type satisfy ([2]). 

Remark 1.4. In [llj we defined and studied coherent sequences of polynomial ideals. Any 
coherent sequence is a holomorphy type. In fact, a coherent sequence is a holomorphy type 
which satisfies the following extra condition: for each l,k there exists a positive constant 
dk,i such that for every Banach space E, 

(3) if P e 2tfc(S), 7 G ^' then belongs to ^k+i{E) and ||V^'k,+,{£;) < 4,z||P|kfe(£) hll'- 

The constants appearing in [IT] were of the form c^^i = and d^.i = . The extra condition 
asked for the coherence is very natural since conditions ([T]) and ^ are dual to each other in the 
following sense: if {^k}'k'=i ^ sequence of polynomial ideals which satisfies ([T|) (respectively 
([3])) then the sequence of adjoint ideals {21^}^^ satisfies ([3]) (respectively ([1])) with the same 
constants (see |1H Proposition 5.1]). Thus we may think a coherent sequence as a sequence of 
polynomial ideals which form a holomorphy type and whose adjoints ideals are also a holomorphy 
type. 

We present now some examples of holomorphy types with constants as in ([2]). 

Example 1.5. The sequence V of ideals of continuous polynomials is, by [30^ Corollary 4], a 
holomorphy type with constants as in ([2]). The same holds for other sequences of closed ideals 
as the sequence Vw of weakly continuous on bounded sets polynomials, and the sequence Va of 
approximable polynomials. 

Slight modifications on the results of [HI Corollaries 5.2 and 5.6] (see also [HI Section 3.1.4]) 
show that if a sequence {21^}^^ of ideals form a holomorphy type with constants Ck,i the 
sequence of maximal ideals {21™'^^}^^ and the sequence of minimal ideals {21™™}^]^ are also 
holomorphy types with the same constants Ck^i- Also, as already mentioned in Remark 1 1.41 if the 
sequence {21^}^^ satisfies the condition of coherence (l3|) with constants d^^i then the sequence 
of adjoint ideals {2l^}^i is a holomorphy type with constants dk^i- As a consequence we have 
the following. 

Example 1.6. The sequence Vj of ideals of integral polynomials is a holomorphy type with 
constants Ck^i = 1. Indeed, since condition ([3]) is trivially satisfied by the sequence V with 
constants dkj = 1 and since (V^)* = Vj, the result follows from the above comments. 

Example 1.7. The sequence Vn of ideals of nuclear polynomials is a holomorphy type with 
constants Ckj = 1 because = (P^)™™. 

Example 1.8. Sequences of polynomial ideals associated to a sequence of natural symmetric 
tensor norms. For a symmetric tensor norm /3^. (of order k), the projective and injective hulls 
of /3fc (denoted as \/3a,./ and / f3k\ respectively) are defined as the tensor norms induced by the 
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following mappings (see [l3]): 

In [13], natural tensor norms for arbitrary order are introduced and studied, in the spirit of 
the natural tensor norms of Grothendieck. A finitely generated symmetric tensor norm of order 
k, f3k is natural if /3k is obtained from Sk (the injective symmetric tensor norm) and vr^ (the 
projective symmetric tensor norms) taking a finite number of projective and injective hulls (see 
[13j for details). For /c > 3, it is shown in |13] that there are exactly six non-equivalent natural 
tensor norms and for k = 2 there are only four. 

Let 2tfc be an ideal of /c-homogeneous polynomials associated to a finitely generated symmetric 
tensor norm a^- Small variations in Lemma 3.1.34 of [H] show that if {21^} is a holomorphy 
type with constants c^^i then so are the sequences of maximal (or minimal) ideals associated 
to the projective and injective hulls of a^. In particular, any of the sequences of maximal (or 
minimal) ideals associated to any of the sequences of natural norms is a holomorphy type with 
constants as in ([2]). 

Example 1.9. The sequence Ve of ideals of extendible polynomials. Since the ideal of extendible 
polynomials is the maximal ideal associated to the tensor norm \efc/, we have by the previous 
example that the sequence Ve is a holomorphy type with constants as in ([2]). 

Example 1.10. The sequence Mr of ideals of multiple r-summing polynomials. It was shown 
in [m Example 1.13] that it is a coherent sequence with constants equal to 1 thus, in particular, 
it is a holomorphy type with constants Ckj = 1- 

Example 1.11. The sequence S2 of ideals of Hilbert- Schmidt polynomials. It was shown in [25\ 
Proposition 3] that it is a holomorphy type with constants Ck,i = 1- 

Example 1.12. The sequence Sp of p-Schatten-von Neumann polynomials. Let be a Hilbert 
space. Recall that for 1 < p < 00, the p-Schatten-von Neumann /c-homogeneous polynomi- 
als on H may be defined, using the complex interpolation method, interpolating nuclear and 
approximable polynomials on H [TO] as follows: 

where p{l — 9) = 1. The space of Hilbert-Schmidt polynomials coincide (isometrically) with the 
space of 2-Schatten-von Neumann polynomials. Since interpolation of holomorphy types is a 
holomorphy type (see [12l Proposition 1.2]), we can conclude that {Sp} is a holomorphy type 
with constants 

^'^•^ ^ I {k + iy. ¥¥) ■ 
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Moreover, using the Reiteration Theorem [5l 4.6.1], we have that, for 1 < p < 2, Sp{H) := 
[V^{H),S2{H)]2B, with p{l — 9) = 1. Thus, for 1 < p < 2, we can obtain c^^i = 1. Similarly, for 
2 < p < oo we have 



CkJ < 



{k + iy. k^i^ 



2. HOLOMORPHIC FUNCTIONS OF 2t-BOUNDED TYPE 



There is a natural way to associate to a holomorphy type 2t a class of holomorphic functions 
on a Riemann domain (X, g) spread over a Banach space E. This space, denoted by H%{X), 
consists on all holomorphic functions that have positive 2l-radius of convergence at each point 
of X, see for example [2H Definition 2]. To give the precise definition, let us recall that if / is 
a holomorphic function on X, then its k-ih. differential is defined by 

k\ k\ ^^^^^>- 

Definition 2.1. Let 21 = {21^}^ be a holomorphy type; E a Banach space, and {X, q) a Riemann 
domain spread over a Banach space E. A holomorphic function / is of type 21 on X if for each 
X e X, d^f{x) belongs to 2tfc(S) and 



lim 

fc— J-OO 



k\ 



2lfe(i?) 



< oo. 



We denote by H%{X) the space of type 21 funtions on X. 

We may also define a space of entire functions of bounded 2l-type |10l [26] as the set of entire 
functions with infinite 2t-radius of convergence at zero (and hence at every point). Similarly we 
can define the holomorphic functions of 2t-bounded type on a ball of radius r as the holomorphic 
functions which have 2t-radius of convergence equal r. 

Definition 2.2. Let 21 = {21^}^ be a holomorphy type; E a Banach space, x £ E, and r > 0. 
We define the space of holomorphic functions of 2l-bounded type on Br{x) by 



Hm{Br{x)) = {fe H{Br{x)) : 



k\ 



E 2tfc(£') and lim sup 



k\ 



i/k 1 
< - 
2lft r 



We consider in Hhi2i{Br{x)) the seminorms Ps, for < s < r, given by 

lid' fix), 

k=0 



Psif) = f2 



k\ 



for all / € Hh<^{Br{x)). Then it easy to show that \^Hb<2i{Br{x),F),{ps}o<cs<rj is a Frechet 
space. 

The following examples of spaces of holomorphic functions of bounded type on the unit ball 
Be were already defined in the literature and can be seen as particular cases of the above 
definition. 
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Example 2.3. (a) If 21 is the sequence of ideals of continuous homogeneous polynomials, 
then Hh^iBE) = 

(b) If 21 is the sequence of ideals of weakly continuous on bounded sets polynomials, then it 
is not difficult to see that Hi)<^{Be) is the space H^juiBE) of weakly uniformly continuous 
holomorphic functions on i?£;-bounded sets. 

(c) If 21 is the sequence of ideals of nuclear polynomials then Hb<^{BE) is the space of 
holomorphic functions of nuclear bounded type Hi\jb{BE) defined by Gupta and Nachbin 
(see also [M]). 

(d) If 21 is the sequence of ideals of extendible polynomials, then by Proposition 14], 
Hb<A{BE) is the space of all / G H{Be) such that, for any Banach space G D E, there is 
an extension / G Hi,{Bg) of /. 

(e) If 21 is the sequence of ideals of integral polynomials, then Hij%{Be) is the space of 
integral holomorphic functions of bounded type Hiii{Be) defined in |20j . 

Remark 2.4. In general, we have that //fea £ ^ H^. Indeed, Dineen found in |2H Example 
9] an entire function of bounded type on a Hilbert space E, f £ Hh{E), such that / is of 
nuclear type on E, f G Hn{E), but / is not an entire function of nuclear bounded type because 
lim 

liilijl— ^CXD II „| 1 1 TV 

We now define holomorphic functions of 2l-bounded type on a Riemann domain {X, q) spread 
over a Banach space. If / is of type 21 on X, and it has 2l-radius of convergence greater than 
s > at X G X, then we define 



2lfc(i?) 



fc=0 

The holomorphic functions of 2t-bounded type on X are the holomorphic functions on X which 
are of the class i^bai on every ball contained in X and, on each open X-bounded set A, the 
seminorms (with x G A and Bs{x) C A) are uniformly bounded. 

Definition 2.5. A holomorphic function / is of 2t-bounded type on {X,q) if: 

(i) f ° {q\B4x)y^ e Hh^{QiBs{x))) for every s < dx{x). 

(ii) For each open X-bounded set A, 

PAif) := sup{pf(/) : Bs{x) C ^} < oo. 

We denote by Hi)%{X) the space of all holomorphic functions of 2t-bounded type on {X, q). 

When 21 is the sequence V of ideals of continuous homogeneous polynomials, by the Cauchy 
inequalities, Hh^{X) = Hi,{X). If 21 is the sequence of ideals of weakly continuous on bounded 
sets polynomials and [/ is a balanced open set then Hbs^{U) = HwuiU) (see, for example [U 
Proposition 1.1]). 

Remark 2.6. Condition (i) in above definition states that / is a holomorphic function of 21- 
bounded type on each ball contained in X. The space of holomorphic functions on X that 
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satisfy this condition is denoted by Hd'os.iX) in [411 Section 3.2.6]. This resembles much the 
definition given in [2ll Section 3] of the space Hd{X) (indeed Hji^iX) = Hd{X) when 21 = V). 
The seminorms {p^ : < s < dx{x), x £ X} define a topology on Hd(^{X) which is always 
complete but not necessarily a Frechet space topology unless E is separable. In that case we 
may follow the proof of [24^ Proposition 3.2] to show that Hd'n{X) is a Frechet space. Most of 
the results in this article remain true if we replace i^^a by -ff^a- 

Proposition 2.7. The seminorms {pA '■ A open and X -bounded} define a Frechet space topol- 
ogy on Hm{X). 

Proof. It is clear that the topology may be described with the countable set of seminorms 
{px„}neNj where X„ = {x G X : 11(7(2;)]] < n and dx{x) > so we only need to prove 
completeness. Let {fk)k be a Cauchy sequence in H},<^{X), then it is a Cauchy sequence in 
Hij{X), so there exists a function / G Hh{X) which is limit (uniformly in X-bounded sets) of 
the /fc's. 

Let X £ X and r < dx{x). Then (/^ o {q\Br{x))^^)k is a Cauchy sequence in Hi,<^{Bj.{q{x))) 
which converges pointwise to / o {q\Br(x))^'^ ■ Since Hi,^{Br{q{x))) is complete we have that 
f ° {q\Br{x))~^ belongs to Hi,(n{Br{q{x))), and thus / satisfies (i) of Definition 12.51 Moreover, for 
each k, p^{f — f^) < limsup^pf (/j — fk) for every s < dx{x). Thus, if A is an X-bounded set, 

PA{f-fk)= sup pf(/j - /fc) < limsup sup p'^ifj - fk) = lim.suppA{fj - fk), 

Bs{x)cA j Bs{x)cA j 

which goes to as /c — ?■ oo. Therefore, / is in iJfe2l(X) and (/fe) converges to / in Hi,%{X). □ 

3. Multiplicative sequences 

In this section we show that under a condition on 21 which is satisfied for most of the commonly 
used polynomial ideals, the space Hi)'qi{X) is a locally m-convex Frechet algebra. 

Definition 3.1. Let {21^}^ be a sequence of polynomial ideals. We say that {21^}^ is multi- 
plicative at E if there exist constants Ck^i > such that for each P S 2tfc(i?) and Q £ ^i{E), 
we have that PQ G ^k+i{E) and 

\\PQ\kk+iiE) < ck,i\\P\k^,{E)\\Q\kiiE)- 

If {2lfc} is a multiplicative sequence then the sequence of adjoint ideals {21^} is a holomorphy 
type with the same constants, and it is moreover a weakly differentiable sequence (see Remark 
ED- 

In [12] we studied multiplicative sequences with constants Ck,i < M^^^ for some constant 
M > 1 and proved that in this case the space of entire functions of 2l-bounded type is an 
algebra. To obtain algebras of holomorphic functions on balls or on Riemann domains we need 
to have more restrictive bounds for Ck^i- Actually, we impose the constants Ck.i to satisfy the 
inequality ([2]) for every A;, / G N. 



ON ALGEBRAS OF HOLOMORPHIC FUNCTIONS OF A GIVEN TYPE 9 

Remark 3.2. Stirling's Formula states that e'-'^n""'"^/^ < e^~^nl < n^+^f"^ for every n > 1, so 
we have that 

(k + l)^+^ kin 2/ kl \i/2 
U) - — ■ — < e ' * 



{k + l)\ k^ll - \k + L 
As a consequence, if 21 is multiplicative with c^^i as in ([2]) then, for each e > there exists a 
constant > such that for every k,l £ 'N, P £ 2lfc(i?) and Q £ ^i{E), we have, 

\\PQK^,iE)<Ce{l+e)'+'\\PU^^E)\\Q\\ME)- 

We will show bellow that every example of holomorphy type mentioned in Section [T] is a 
multiplicative sequence with constants that satisfy ([2]). Let us see before that in this case 
Hb%{X) is a locally m-convex Frechet algebra, that is, the topology may be given by a sequence 
of submultiplicative seminorms. By a theorem by Mitiagin, Rolewicz and Zelazko [37], it suffices 
to show that they are (commutative) i?o-algebraJ3 and that functions in H{C) operate on H^f^i 
(that is, if g{z) = "^j^akz^ belongs to ^^(C) and / G -f^ta, then J2k^kf^ belongs to Hb<^). We 
consider first the case of a ball and the whole space. 

Proposition 3.3. Suppose that 21 is multiplicative with Ck^i as in and E a Banach space. 
Then, 

(i) for each x £ E and r > 0, Hi,^(Br{x)) is a locally m-convex Frechet algebra, 
(ii) Hi,(^{E) is a locally m-convex Frechet algebra. 

Proof. We just prove {i) because [ii) follows similarly. We will show this for r = 1 and a; = 0, 
that is for Br{x) = Be. The general case follows by translation and dilation. We already know 
that Hh<2i{BE) is a Frechet space. Let us first show that it is a i?o-algebra. 

Let / = X^fc -Pfc and g = YlkQk be functions in Hi)<^{Be)- We must show that ^^^'^^ 
belongs to 2l„(£') and that Ps{fg) = Z]JS=o (_b) ^ ^ every s < 1. Since 

^ ^^^^^^ = J2k=o ^kQn-k and 21 is multiplicative, ^ belongs to 2t„(£'). On the other hand, 
by 



V 1 



Z^* II lla„(E) ^ ^ 2^* Z^i j mK{E)\\Qn-k\h„^,{E) 



n=0 n=0 fc=0 

oo oo 



fc=0 n=k 
oo 



^ Vks''\\PkU,(E) '(^) ^'^\\Qn-k\W^_,iE) 



< e^Ps{g)Yj^^''\\Pkhk{E)- 

k=0 

Therefore, for each e > there exists a constant c = c{e, s) > 1 such that 



-'^ Recall that a _Bo-algebra is a complete metrizable topological algebra such that the topology is given by means 
of an increasing sequence || ■ ||i < || ■ II2 < • ■ • of seminorms satisfying that ||a;y||j <Ci||2;||j+i||y||j+i for every x, y 
in the algebra and every j > 1, where d are positive constants. It is possible to make d — 1 for all i 1!) . 
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Define, for each n > 1, Sn = I — and Cn = 0(2^^, 1 — 2^)- Then, for every f,gG Hi,%{Be)-, 
we have 

(6) Psr, if 9) < CnPs„ i9)Ps„+i if) < CnPs„+i if)Ps„+i io) ■ 

Since the seminorms ps„ determine the topology of Hb%{BE)-, we conclude that H\,'^{Be) is a 

So-algebra. Note also that ^ implies that PsSf^) < c^-^Ps^+Aff'^PsSf) < c^Ps^+Aff ■ 

Take now an entire function h € H{C), h{z) = ^ akZ^z. Then for / G Hi,<^{Be), 

M M M 

Ps,X akf'') < J2 ^kPsAf^) < ('k{cnPs„+,if)f , 

k=N k=N k=N 

which tends to as A^, M increase because h is an entire function. This means that entire 
functions operate in Hj,^{Be)- Therefore |37l Theorem 1] implies that Hb<^{BE) is locally m- 
convex. □ 

Remark 3.4. Michael's conjecture [36j states that on any Frechet algebra, every character is 
continuous. Adapting some of the ideas in [IBl [ISl HE] , Mujica showed (see [391 Section 33] or 
|40j ) that if every character on H{,(E) is continuous for some infinite dimensional Banach space E 
then the conjecture is true for every commutative Frechet algebra. As a corollary of his results 
we may deduce that the same is true for the Frechet algebra Hi,<^(E) for any multiplicative 
sequence 21 with constants as in ([2]). We would like however to sketch an alternative proof of 
this fact as consequence of a result by Ryan [45] on the convergence of monomial expansions for 
entire functions on ii. Theorem 3.3 in [45] states that for each / G Hhiii) there exist unique 
complex coefficients (am)mGN('*') such that f{z) = Y2m<=N("^) cLmz"^ , where a multi-index m G N^^^ 
is a sequence of are non-negative integers such that only a finite number of them are non-zero 
and where z"^ = Hj^f^z^^ . The convergence of the monomial expansion of / is absolute for 
every z G ii and uniform on bounded sets of ii. Moreover, the coefficients satisfy 

(7) lim (|a^|m'^/|m|l"^l)i/H =0. 

\m\—>oo 

Conversely, any such coefficients define a function in Hfj(£i). Let ^ be a commutative, complete, 
Hausdorff locally m-convex algebra which has an unbounded character ■0. We may suppose that 
A has unit e. Let x = be a sequence in A such that '^^Pi^n) < 00 for each continuous 
seminorm p on A, and that is unbounded. For m = (mi, m2, . . . ) G N'^^^ let x™' = 

Hj-gNa;™'-' , where = e for every x G A. Let T : Hh{£i) ^ Ahe defined by Tf = YlmenW OmX™, 
where iam)meNW coefficients of /. Note that giz) = J2meN(^') \^m\z"^ defines a function 

in Hb(ii) because its coefficients satisfy d?]). Thus, for a continuous seminorm p on A, 

Y |am|p(x'") < Yl \am\Ii-jGNPixjr' = giipixj))j), 

meN(N) meN(N) 

which implies that T is well defined. Clearly T is an algebra homomorphism. 

Note also that T{e'j) = Xj, where e'j is the j-th coordinate functional in li. Therefore ip oT 
is a discontinuous character on Hbiii). 
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Let now E be any Banach space and let {Uj), {y'j) be a biorthogonal sequence in E with 
llyjil < 1 and {y'j) bounded. Let M be the closed space spanned by the y^'s and let (zk) be a 
dense sequence in the unit ball of AI that contains the sequence {Uj)- Say yj = Zn-- Then the 
linear map which sends each S ii to z^ induces an isomorphism from a quotient of li to M. 
Consider the following mapping R = R4^R^R2Ri : Hh{E) — )• Hb{ii) 

where Ri is the inclusion, R2 is the restriction from E to M, R3 is the composition with the 
quotient map and R4 is the restriction to the closed space spanned by the e^^. 's (we identify 
this space with £1). Then R{y'j) is a linear functional on ii. Moreover, if z denotes the class 
of 2; S ^1 in the quotient of ii isomorphic to M, then = = y^. Thus R{y'^){ek) = 
i?3i?2-Ri(yj)(e„J = R2Ri{y'j){e;^) = VjiVk) = hj, that is, R{y'j) = e'j. 

Since (y'j) is a bounded sequence in H})%{E) and R is an algebra homomorphism, ip oT o R is 
a discontinuous character on Hi,^{E). 

We will now prove that Hi,'^{X) is a locally m-convex Frechet algebra, for (X, q) an arbitrary 
Riemann domain over E. We first need the following. 

Lemma 3.5. Let A he an X-bounded set with dx{A) > 5. If Bs{x) C A then B^^si^) exists. 

Proof. Suppose that we can show that B_,^s{x) exists. Then B^j^s{x) is contained in the X- 
bounded set As = {J-^a Bs(x), and dx(As) > ^. Applying the result proved to B s(x) and 
As we have that B^^Sf^^_^^3^{x) exists. Applying the same process n + 1 times, we have that 
exists. Clearly UneN -^s+|(i+|+---+(|)")(^) Bg+six). Thus, it suffices to 
prove that B s(x) exists. 

Let C = ^yeBs{x)Bs^{y). Then q{C) = UyeB,{x)B^{q{y)) = B^^^{q{x)). If we show that q\c 
is injective then C = B ,s(x). 

Take xq 7^ xi in C. Then there exist yo,yi G Bs{x) such that Xj G Bs{yj), j = 0,1. If 

4 

Bs{yo) n Bs{yi) / 0, then xq and xi are in Bs{yo)- Since q is injective on Bs{yo), we have 

4 4 

that q{xo) ^ q{xi). On the other hand, if Bs{yo) n Bs{yi) = 0, then Bs{q{x)) H Bs{q{yo)) H 

44 4 

Bs{q{yi)) = 0, because g is injective on Bs{x). But, since Q'(yo) and (/(yi) are in Bs{q{x)), we 
4 

can conclude that Bs{q{yo)) n Bs{q{yi)) = and thus q{xQ) ^ q{xi). □ 

4 4 

Theorem 3.6. Suppose that 21 is a multiplicative sequence with constants as in ^ and let 

{X,q) be a Riemann domain over E. Then Hb<^{X) is a locally m-convex Frechet algebra. 

Proof. We know from Proposition 12.71 that Hi,<^{X) is a Frechet 

Let Xn denote the set {x € X : \\q{x)\\ < n and dx{x) > ^}. If Bs{x) is contained in X„ and 
£n < }i — then Bs+^^{x) C Xn+i (note that Bg+sni^) exists by Lemma [33]) . Proceeding 
as in Proposition 13. 3| we can show that for every f,g £ Hh^niX), Ps{fg) < CnPs^i;^{f)Ps{g), 
which implies that px„{f9) ^ CnPx„+i{f)px„{g)- Thus, Hb<^{X) is a commutative i?o-algebra. 
Moreover, we also have that pxnif'^) ^ (Z)'^) which implies that entire functions operate 
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on Hi,'Qi{X). Therefore by [371 Theorem 1] we conclude that Hi,^{X) is a locally m-convex 
algebra. □ 

To finish this section we present some examples of multiplicative sequences with constants 
Ck,i as in dU. 

Example 3.7. It is clear that the following sequences are multiplicative with constants c^^i = 1. 

i) V, of continuous homogeneous polynomials, 

ii) Vw, of weakly continuous on hounded sets polynomials, 
Hi) Va, of approximahle polynomials, 

iv) Ve, of extendible polynomials. 

Example 3.8. The sequence Vi of integral polynomials. 

It was shown in [12, Example 2.3 (c)] that if -P, Q are homogenous integral polynomials then 
PQ is integral with ||PQ||, < i^g^^ j|||P||,||g||, 

Example 3.9. The sequence Vn of nuclear polynomials. 

Proposition 2.6 in [12] implies that if {21^} is a multiplicative sequence then the sequences of 

maximal and minimal hulls, {21™"^} and {21™"}, are multiplicative with the same constants. 
Since nuclear polynomials are the minimal ideal associated to integral polynomials (see for 
example [271 3.4]), we have that they form a multiplicative sequence with constants as in ([2]). 
See also [23l Exercise 2.63]. 

Note that, as a consequence of Proposition 13.31 the space of nuclear ly entire functions of 
bounded type is a locally m-convex Frechet algebra. 

The sequences V, T'Nj'Pe, Vi and Va are particular cases of the following. 

Example 3.10. Let {ak}k be any of the sequences of natural symmetric tensor norms. Then 
the sequences {21^*^^'}^ and {2t™"}fc of maximal and minimal ideals associated to {ak}k are 
multiplicative with constants Ck,i as in 
This follows from the inequalities 

(k + /)^+' k\ l\ 

TTk+i{(j{s t)) < -g^Ji'^kis)TTi{t), ek+i{cr{s t)) < ekis)ei{t) 

for every s G ^^''^ E' , t G (^''* E' together with Proposition 2.6 and Lemma 2.9 of |12] . 

Example 3.11. The sequence A4r of multiple r-summing polynomials is multiplicative with 
constants / = 1. 



Proof Let P £ M'^{E),Q £ MUE), then 

A;! '^^^ 

{PQy{xi,...,Xk+i) = j—j-^ ^ P{xi,''V:1',Xk+i)Q{xsi,...,Xs 



si,...,s,=j 
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where P{xi/]".1' ,Xk+i) means that coordinates Xsi, . . . , are omitted. 

Take C E, for j = 1, . . . ,k + I, such that Wr{{x^j)) = 1. Then, using the triangle 

inequality for the ^^-norm. 



mi,...,mk+i 



Y: |(PQr(x-,...,x;-;) 

L n,...,ife+i=l 



< 



< 



{k + iy. 



k+l I mi,...,mk+i 

E E 

si,...,s,=i \ «i,.--,«fe+;=l 



1/r 



P(X1, 



Q{Xsi ! • • • ) ) 



< 



k\ 



< 



(A: + 0! 

{kTJy- 



k+l 

E 



m», ,...,ms 



1/r 



E 



Sl,...,S; = l yisj ,...,is; =1 



Q{Xsi ) • • • ) 2^S; ) 



k+l 

E 



A^fellQIlMi 



Si si = l 



Hence, PQ is multiple r-summing with ||PQ||^fc+i < ||P| 



M: 



Ml 



□ 



Example 3.12. The sequence S2 of Hilbert- Schmidt polynomials. 

Petersson proved in [43j that the ideals of Hilbert-Schmidt polynomials form a multiplicative 



sequence with Ck,i < V2^. The duality between multiplicativity and weak differentiability 
(see Remark 16.41 and [12, Proposition 3.16]) will allow us to prove in Example 16.51 that actually 
Ck,l = 1- 

Example 3.13. The sequence Sp of p-Schatten-von Neumann polynomials. 

Using the Reiteration theorem for the complex interpolation method and the previous examples 

we deduce that {S^} is a multiplicative sequence with constants Ck,i = 1 for 2 < p < 00 and 



Ck,l 



< 



(fc + 0^+' ki i\\l-i 
{k + iy. 



for 1 < p < 2. 



4. Analytic structure on the spectrum 

Let {X, q) be a Riemann domain over a Banach space E. In this section we prove that, under 
fairly general conditions, the spectrum of the algebra Hh<^{X) may be endowed with a structure 
of Riemann domain spread over the bidual E" . This will extend some of the results in [¥[ 112]. 

As in the case of Hf, studied in H] or entire functions in {{^■^{E) studied in [12], extensions 
to the bidual will be crucial, so we will need them to behave nicely. Indeed, we will need the 
following two conditions which were already defined in )12] . 
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Definition 4.1. Let 21 be a sequence of ideals of polynomials. We say that 21 is AB-closed if 

for each Banach space E, k & 'N and P € 2lfc(i?) we have that AB{P) belongs to ^^{E") and 
||74i?(P)||2i^(£'") < ||-P||2ifc(£;)) where AB denotes the Aron-Berner extension [2j. 

Recall that an Arens extension of a /c-linear form yl on ii^ is an extension to the bidual E" 
obtained by it;*-continuity on each variable in some order. 

Definition 4.2. We say that a sequence of ideals of polynomials 21 is regular at E if, for every 

V 

k and every P in 2ljt(£'), we have that every Arens extension of P is symmetric. We say that 
the sequence 21 is regular if it is regular at E for every Banach space E. 

All the examples given Section [3] are known to be AB-closed (see [12j). All the examples 
given Section [3] but V and Mr are known to be regular at any Banach space. Any sequence of 
polynomial ideals is regular at a symmetrically regular Banach space. 

The main purpose of this section is to prove the following result. 

Theorem 4.3. Let ^ be a multiplicative holomorphy type with constants as in (0) which is 
regular at E and AB-closed. Then {Mb<n{X) , n) is a Riemann domain over E" . 



First we will need some preliminary lemma. 

emma 4 

%k{E)' by, 



Lemma 4.4. Let % be a holomorphy type with constants as in Define (J^^fei ^fc^^ £ 



where, wi, . . . ,Wh G E and ki, . . . ,kfi £ N are such that ki + ■ ■ ■ + k^ = k. Then for any 
P G the polynomial R{x) := 5 {P^i) is in ^i{E) and 

iiDii ^ {k + l)''+^ki\...kh\ll.. ... .. 

7/21 is also AB-closed and regular at E then the above statements hold for any wi, . . . ,Wh G E" , 

V 

where ^^^H ^^^^^^k^^ G ^kiE)' is defined by (^(^^i^^ ,„fch)(<5) = AB{Q){w^\. ■■,wl''). 



type. Suppose that it holds for /i = n and let Q{x) = S^^k-^ ,„fen-|(-Pj.fen+i+0- Then Q belongs to 



,...,UJ„ 



Proof. We proceed by induction on h. For h = 1, this is a consequence of 2t being a holomorphy 
type. Suppose tl 

'^k„+i+i{E) and 

rs^ linil ^ (A: + 0^'+'fci!...fcJ(fc„+i+/)! , 



Thus, X I-)- d^kn+i{Q^i) = 5^^ki ^fen+i^(-PxO belongs to ^i{E) and 
(9) ||x ^ ^^.„..(Q.Ok,.) < ^^TT^^^^ 

Putting dS]) and ([9]) together, we obtain our claim. The last statement follows similarly. □ 
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Lemma 4.5. Let ^ be a holomorphy type with constants as in A; G N, Wi, . . . ,Wh ^ E and 
/ci, . . . , /c/j G N such that ki + ■ ■ ■ + = k. Then (^^^fei ^fc;,^ ° belongs to Hh<n{X). 
If^is AB-closed and regular at E then the same holds for any w G E" . 



Proof. We prove the case w G E" . The other case is similar. By [421 §10 Proposition 2], 
d^f G H{X,^k{E)). Since ^ = 6 k-^ k^, is a continuous Hnear form on 2lfc(£'), 99 o d'^f is in 
H{X). 

Let Bs{xo) C X and denote ^i^{xo) by Qm- Then, for y G Bs{xo) we have, by [42| p. 41 (1)], 



f(.)^E(r)(«™), 



m>k 

This series is absolutely convergent in 2lfc(£'). Indeed, for 5, e > such that (1 + e)((5 + \\q{y) 
g(xo)ll) < s and using Remark 13.21 we have, 



j>0 m>j ^ ^ j>0 m>j ^ ^ 

= c£p^r+£)(5+iig(y)_5(^o)ii)(-^) < 

Then ^(y) = ('^)^o (Q„)(^(^)_g(^^))„_fc and therefore, 

{m-k)\ (-0) = X ^ ( , J o {Q^) ■ 

By the above lemma, the differentials of 99 o are in 21. 

Let A be an open X-bounded set and a < dx{A). Let Bs{xq) C A. Then, by (j4]) and Lemma 
14.41 we have 

a p. iV^o ^, ; S a 2^ s II ^^o^lhm-kiE) 

m>k ^ ' 



m>k 



m>k 

00 



< Cfc||u;if^..||«;,f''^a^-5] ('"'].'"-^||Q„||2t„(^) 

j=0 m>j ^ ^ 

= Cfcihif 1 . . . \\wh\\'''pT+M) < CkWwif' . . . WwhW^^p^if), 



where A = IJxeA^ai^) open X-bounded set (note that by Lemma [331 Bs+aixo) exists 

kl 



and is contained in A). Therefore PA{f) < 00 and thus 99 o is in Hi)'qh{X). □ 



The following corollary states that, for /i = 1 or /i = 2 in the previous lemma, we obtain 
bounds which are independet of k. 
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Corollary 4.6. Let ^ be a holomorphy type with constants as in ^ and f £ Hiy(^{X). Let A be 
an open X-bounded set and a < p < dx{A). Define the open X-bounded set A = Ua;eA^p(-^)- 
Then there exist a positive constant C depending only on a and p, such that: 
(i) for each A; € N and w €z E, 6^0 belongs to L{i)%{X) and 

a'pAiSy, o ^) < CWwfp^if). 
(a) for each / < G N and v,w £ E, (5(^fc-i o belongs to Hh<^{X) and 

If^is AB -closed and regular at E then the above statements hold for any v,w £ E" . 

Proof. We prove {ii) for v,w £ E" . Let e > such that a(l + e) < p and let Bs{xo) C A. By 
the bound obtained in Lemma [451 for h = 2 and tp = (5(„fc-; we have 



m>k ^ ^ ^ 

< Csil + e)''\\w\\'\\vf-'a^Yl 

m>k ^ ^ 

< Ce\\w\\^\\vf-^^{l + eya^Yl ("^ HQ 

■i—n »n->o V J / 



m\mm{E) 



im\mrn(E) 



j=0 m>j 

where is chosen so that e^j < Ce(l + ey for every j G N. □ 

We proved in the previous section that if 21 is multiplicative with constants as in ([2|), then 
Hb<2iiX) is a Frechet algebra. We denote by Mh'^{X) its spectrum, that is, the set of non-zero 
multiplicative and continuous linear functionals on Hf,<^(X). Note that evaluations at points of 
X are in Mm{X). Following [3 [24], we define vr : Mm{X) E" by vr(v9)(x') = ip{x' o q). Also, 
for (/? G Mb%{X) and ^ an open X-bounded set, we will write (p < A whenever there is some 
c > such that (p{f) < cpA{f) for every / G H}j<^{X). 

Lemma 4.7. Xei 'Qi be a multiplicative holomorphy type with constants as in Let ip G 

Mfe2i(X) a?^c? ^ a?^ open X-bounded set such that ip ~< A. Let w £ E with \\w\\ < dx{A). Then 
ip''" belongs to Mi/;^{X), where 

n=0 

Moreover, ixiip'"') = Tr{Lp)-\-w. If^ is also AB-closed and regular at E then the above statements 
hold for w £ E" with \\w\\ < dx{A), where, 

^-(/) :=Y^^(AB{^){w)). 

n=0 
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Proof. We prove the case w £ E" . Suppose that Bs{xq) C A. Let \\w\\ < a < p < dxiA). 
We can take e > 0, such that (1 + e)a < p. By Corohary 14.6^ for the open X-bounded set 
^ = Ux-eA ^p(^)' W6 have 



(10) a'^pA[ABi^^)iw)) < c,\\wfpj,if). 

Thus, the series YlkPA{AB{^^^^-^){w)) is convergent. Then, 

f:\^im^)H)\<cf:PAiABi^)H) < ^^PAifXoo. 

Therefore ip^ is continuous and ip'^ -< A. The multiphcativity of ip'^ and the last assertion follow 
as in [4, p. 551]. □ 

In the case of entire functions cp^ may be defined translating functions by w, see [T21[23]. We 
show next that, this is also true for arbitrary Riemann domains when we complete Hi,<^[X) with 
respect to the topology given by the norm p^^, if 99 -< A. Given an open X-bounded set A and 
w G E" with < dx{A), we define f^if) on A as fw{f){x) = AB{f o {q\Bj~^)iq{x) + w), 
where B^ denotes the ball Ba^(^x^{x). 

Lemma 4.8. Let % he a multiplicative holomorphy type with constants as in ^ which is regular 
at E and AB-closed. Let A be an open X-bounded set, ip € Mhi^{X) such that ip ~< A and w € E" 
with \\w\\ < dx{A). Then: 

(a) the series Yl'^=o AB{ ^ converges in Hb^{X)^^ to f^(/) and the application : 
Hh%{X) —7- Hi,<^{X)^'^ is continuous, 

(b) (f may be extended to Hi)^{X)^^ and (p^{f) = <p{fwf)- 

Proof, (a) We have already proved in Lemma Wn\ that the series '^nPA{AB{^-^^){w)) is con- 
vergent and that pA{Y.nAB{q^){w)) < 

The equality fm{f){x) = '^^=q AB{^-^^){w) is clear for each x £ A since the Taylor series 
of / at X converges absolutely on Br{x), for each r < dx{A). 

(b) The first assertion is immediate since (p{f) < cpA{f) for every / G Hb<^{X). The second 
assertion, is a consequence of the equality fi„(/) = AB{ ^ nl '^ )i^) as function in Hi,^{X)'''^ , 

the continuity of (p with respect to the norm pA and the definition of ip^ . □ 

Lemma 4.9. Let ^ be a multiplicative holomorphy type with constants as in ^ which is regular 
at E and AB-closed. Let A be an open X-bounded set, <p G Mi)f^{X) such that <p ~< A and 
v,w £ E" with \\v\\ + \\w\\ < dx{A). Then: 

(a) f^f^/ = f^+i,/ for every f £ Hb%iX), 

(b) i^p"")" is a well defined character in Mb^{X) and {ip"")" = ip'"^'" . 
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Proof, (a) We must prove that fu]fvf{x) = f^_|_^/(x) for x & A. Write gn for AB(J—^^){v). 
Then 

(11) f^Uf) = Y.^M = 

n n k 

Since 21 is regular at E, we may proceed as in [4, p. 552] to show that 



kl \ n J \ {k + ny. / V" 
Thus again by regularity, 

Let ||?;|| + \\w\\ < a < p < dx{A). By Corollary 14. 6t if = IJxeyi^p(^)' th^n there exists 
constant C > such that, 

n>Qk>0 ^ ^ ^ ' n>Ok>0 ^ ' 

oo 



CPA«(/)E 



a 

m>0 



m 



< OO. 



Therefore we may reverse the order of summation in (jlip to obtain 

n>0 />n V / • ;>o n=0 ^ ^ 

Z>0 

(5) We continue using the notation of part (a). First note that a — \\v\\ (resp. p — \\v\\) may 
play the role of a (resp. p) in the proof of Lemma HTTl thus if yl = UxeA ^p-||f II (^)' then ip^ and 
fw may be continuously extended to (^Hht^{X)^^ . Moreover, the formula ^^(f) = f{fu,f) 
holds for every / in 'Wf^JjCf^ ■ 

Second, since ^p^ < A and dx{A) > dxiA) — (p — \\v\\) > dx{A) — \\w\\ > \\v\\, then by of 
Lemma [121 {(f^Y is well defined and by part (a) of Lemma SSI : Hi,%{X) — )• Hij%{X)^^ is 
continuous. 

Therefore, for every / G Hm{X), we have that {'p'^)'"{f) = (p'"{f^f) = <p{fy,f^f) = ip^f^+^f) = 
(^-+-(/). □ 



The equality {p>^y = ip'^'^'" in the above lemma is the key property to show Theorem 14. 3i 
Indeed, once this equality is proved, the rest of the proof can be almost entirely adapted from 
[H Theorem 2.2 and Corollary 2.4]. We just point out the only difference. 



Proof of Theorem\l^ For (p G Mm{X), (p ^ A and < e < dx{A), define V^^e = {(^'" : S 
E" , WwW < e}. Then the collection : ^p £ Mi,<^(X), e > 0} define a basis for a Hausdorff 

topology in Mb<^{X). The fact that it is a basis of a topology follows as in [H Theorem 2.2]. We 
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prove that it is Hausdorff. Let 93 / -0 ^ Mi,^(X) and suppose that 7r{(p) / tt{iP)- Let A, D be 
open X-bounded sets such that ^ A and ijj -< D, and take r < mm{dx{A),dx{D)}/2. We 
claim that V^^r H V^^r = 0- Indeed, if \\v\\, \\w\\ < r are such that (p^ = ip"", then TT{ip) + w = 
tt{iP) + V and thus v = w. Moreover, by Lemma 14.91 (6), (f = ((p'")^~'"^ = (^'')(~^) = ip. The 
case tt{(p) = tt{iP) fohows as in [H Theorem 2.2]. Now, we may finish the proof of the theorem 
proceeding as in [4, Corollary 2.4]. □ 



5. HOLOMORPHIC EXTENSIONS 

In this section and in the next one we are concerned with analytic continuation. We show 
first that the canonical extensions to the spectrum are holomorphic and then we characterize 
the //bar envelope of holomorphy of a Riemann domain in terms of the spectrum. 

Proposition 5.1. Let % he a multiplicative holomorphy type with constants as in which is 
regular at E and AB-closed. For each f E Hh<^{X), its Gelfand transform f is holomorphic on 
Mm{X). 

Proof. Let (p G Mb2i(^), A an open X-bounded set such that (p ^ A and r < dx{A). We 
prove that / is holomorphic on V^p^r^ or equivalently that /o (vr|y^,,) ^ is holomorphic on 
7i"(^,r) = BE"{TT{(p),r). It suffices to show that it is uniform limit of polynomials on ri?£;//(7r((^)). 
Note that for < r, 

d'f. 



A;=0 

6, 



(W)l,...,t0fc)" k\ 



belongs to Hi)%{X) 



By LemmaSSl for zyi, . . . , Wfc G E" , AB^^Y {wi, . . . ,Wk) 

and clearly, is clearly fc-linear. Thus w ^ 6^ o ^ is in V^iE" , Hm{X)) (the space 

of algebraic fc-homogeneous polynomials). It is also continuous since, by Corollary 14.61 for each 
open X-bounded set and /3 < dx{D), there exists C > and an open X-bounded set D 
(which do not dependend on A;) such that (3^pd{Sw ° ^jj-) < C\\w\\''pjj{f) < co. 



Therefore, if Qk{w) = ip{5y 
using again Corollary 14.61 



sup 



k\ 



) then Qk is in V'^iE"). Now, for <r <a < dxiA) and 



n=0 



sup 



< 



< 



c sup 



k=m+l 

I °° df'f 

I Yl pa{^^°^^> 

k=m+l 



cC 

k=m+l 



PaU) 



as m — 00. 



□ 



Remark 5.2. We know that the canonical extensions to Mi,<^{X) need not be in i/b2i(-^ba(^)) 
(see ^14[ Example 2.8] and [411 Proposition 4.3.22]). We do not know whether these extensions 
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belong to H(^{Mh<^{X)) . When 21 is weakly differentiable (see Section [6]) and / is a polynomial, 
then it is possible to show that its extension to Mf)^{X) is of type 21. 

Definition 5.3. Let C H{X) and let {Z,p) be another Riemann domain over E. An J-"- 
extension is a morphism r : X — t- Z such that for each f G J-' there exists a unique function / 
holomorphic on Z, such that / o t = /. If = H{X), we call it a holomorphic extension of X. 

Corollary 5.4. Let % he a multiplicative holomorphy type with constants as in (0j which is 
regular at E and AB-closed. Then Mij<^{X) is a domain of holomorphy, that is, any holomorphic 
extension of Alhfn(X) is an isomorphism. 

Proof. We may follow the steps of [2i, Proposition 2.4]. By \39\ Theorem 52.6] it sufices to prove 
that Mh<^{X) is holomorphically separated and that for each sequence {^j} in Mh^{X) such that 
dM,j<2i{x)iVj) ~^ 0) there exists a function F in H{Mh^(X)) such that sup^ \F{ipj)\ = oo. Since 
Mh<^{X) is separated by Hh<K{X), it is holomorphically separated by the above proposition. 
If {ipj} C Mb^{X) is such that sup^- \F{ipj)\ < oo for all F £ H{Mm{X)), then if t(/) := 
supj \ipj{f)\, T defines a seminorm on Hi)%{X). Thus the set V = {f £ Hb%{X) : T{f) < 1} is 
absolutely convex and absorvent. It is also closed because V is the intersection of the closed sets 
{/ S Hi,<^{X) : \^Pj{f)\ < 1}. Since Hf)^{X) is a barreled space, F is a neighbourhood of and 
thus r is continuous. Therefore, there are an X-bounded set D and a constant c > such that 
''"(/) ^ cpoif) for every / G H[)%{X), which implies that ipj -< D for every j £ N. By Lemma 
mdMMxM)>dx{D). □ 

Let {X, q) be a connected Riemann domain over E. The envelope of holomorphy of X is an 
extension which is maximal in the sense that any other extension factorizes through it. 

Definition 5.5. The i7;,2i-envelope of X is a Riemann domain £h^{X) and an iJfe2i"6xtension 
morphism r : X — )• i5bsji(X) such that v : X ^ Z is another i?(,iji-extension, then there exists a 
morphism : Z — )• £h^{X) such that v o n = t. 

In [31], Hirschowitz proved, using germs of analytic functions, the existence of (fb2i(X) (in 
a more general framework) and asked whether the extended functions / are also of type 21 on 
£^fe2l(X), [311 p. 290]. We will give a partial positive answer to this question in the next section 
(Corollary ESD. 

We now characterize the ffbar^nvelope of holomorphy of X in terms of the spectrum of 
Hb<}[{X). We sketch the proof which is an adaptation of [14[ Theorem 1.2]. First note that the 
conditions that 21 be j4i?-closed and regular at E were used in Theorem 14.31 only to deal with 
Aron-Berner extensions. Thus, it is not difficult to show the following. 

Lemma 5.6. Let {X,p) be a Riemann domain spread over a Banach space E and let ^ be a 
multiplicative holomorphy type with constants as in Then (n'^^ (E) , n) C {Mf,i^(X) , tt) is a 
Riemann domain spread over E. 
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Proposition 5.7. Let {X,p) be a connected Riemann domain spread over a Banach space E, 
let ^ be a multiplicative holomorphy type with constants as in ^ and let Y be the connected 
component of tt^^(E) C Mf)^(X) which intersects S{X). Then 6 : {X,p) — t- (1^, vr), d{x) = 6x is 
the Hh<^-envelope of X. 

Proof. Let a : X ^ £i,%{X) be the -fff,2i"6xtension from X to the ffftgi-envelope of X. By 
Proposition 15.11 5 : X — )• 1" is an ff;,2t-extension. Moreover, for each point y ^Y, the evaluation 
6y : Hi,<^{X) — )• C, Sy{f) = f{y) is continuous. Then there is a morphism v : Y ^ £h<^{X) such 
that a = v o S. 

We show that is an isomorphism. i^{Y) is open in £f,^(X) because u is a morphism. 

Let us see that i^{Y) is closed in £h<2i{X). Suppose that y G I'iY) \ i^{Y). Let Wn = {if £ Y : 
if ^ Xn}, where X„ = {x G X : ||p(x)|| < n, dx{x) > i}. Then by LemmaSH (iy(W„) > i. 
Therefore we can get a subsequence of integers {nk)k and a sequence {yk)k C Y such that 
Vk G W^nfe+i \ and yk y. Thus there are functions fk G Hm{X) such that px^^ (fk) < ^ 



and \fk{yk)\ >k + Y!j=i IfjiV- 



and moreover 



Y.T=ifj) iVk) 



. Then the series X^^^i fj converges to a function / G H[,%{X) 
Yl^=ifj{yk)\^ because 5y^ is //fe2i(-'^)-continuous. Therefore 

A;— 1 oo 



\f{yk)\ = y^Zfjivk) > \ fk{yk)\ - \ Yjfj(yk) - 1 Yl ^i^y^^ 
j=i j=i j=k+i 



>k-l, 



so we have that \ f{yk)\ — ^ oo and then / cannot be extended to y. This is a contradiction since 
y belongs to the iiffea-envelope of X, <Sfe2t(-^)- Thus i^iY) is closed in £),^{X). □ 

6. Type 21 extensions 

It is also natural to consider extensions where the extended functions are not only holomorphic 
but also of type 21. As mentioned in Remark 15. 2 1 we cannot expect in general that the extensions 
be of 2t-bounded type, since even for the current type, the extension of a bounded type function 
to the -fTfe-envelope of holomorphy may fail to be of bounded type. We may ask instead if, at 
least, they are in H(n. 

Definition 6.1. A Riemann domain morphism r : {X,q) — )• {Y,q) is an Hi,<^- H<^-ex.tension if 

for each / G Hi,qi{X) there exists a unique / G H(^{Y) such that / o r = /. 

For the current type, H<^ is the space of all holomorphic functions, thus in this case, every 
extension of a function in Hh<i[ = Hi, belongs to H<n = H. On the other hand, Dineen found (see 
|21l Example 11]) an entire function / of bounded type that has nuclear radius of convergence 
r > and such that there exists x £ E for which d^f{x) ^ Vj^{E). This means that / belongs 
to Hi,fyf(rBE) and it extends to an entire function in Hi,{E), but this extension is not in Hn{E). 
Thus, the extension of a single function in //fea need not be of type 21. In this section we show, 
under the additional hypothesis of weak differentiability, that when all functions in //fea are 
extended simultaneously (that is, when one deals with ffbai-extensions) , the extended functions 
are of type 21. 
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Remark 6.2. There is also a corresponding notion of i^tg-i^a-envelope of holomorphy. This 
was considered by Moraes in [38], where she proved, using germs of analytic functions, that 
the i?b2i--ff2t"6nvelope of holomorphy always exists. Thus, a positive answer to the question 
of Hirschowitz whether the extensions to the -ffta-envelope are of type 21 is equivalent to the 
coincidence of the i^bai-snvelope with the -fffc2t--ff2t-envelope. This will be proved in Corollarv 16.91 
for weakly differentiable sequences. 

Definition 6.3. Let 2t be a sequence of polynomial ideals and let E he a Banach space. We 
say that 21 is weakly diff"erentiable at E if there exist constants c^^i > such that, for / < k, 
P E 2tfc(£') and ip G 2lfc_/(-E)', the mapping x i— )• (p{Pxi) belongs to 21/ (i?) and 



Remark 6.4. Weak differentiability, a condition which is stronger than being a holomorphy 
type, was defined in and is dual to multiplicativity in the following sense: if {21^}^ is a 
weakly differentiable sequence then the sequence of adjoint ideals {21^ is multiplicative (with 
the same constants); and if {21^}^ is multiplicative then the sequence of adjoint ideals {21^}*: is 
weakly differentiable (with the same constants), see [12', Proposition 3.16]. 

All examples appearing in Section [1] but Mr and Sp were shown in |12) to be weakly differ- 
entiable sequences. It is not difficult to see that the constants satisfy ([2]) in all those cases. We 
don't know if the sequence of multiple r-summing polynomials is weakly differentiable. We prove 
now that the sequences of Hilbert-Schmidt and Schatten-von Neumann ideals of polynomials are 
weakly differentiable. Moreover, the duality between multiplicativity and weak differentiability 
allows us to show they are also multiplicative, and the bound obtained for the norm of the 
product of Hilbert-Schmidt polynomials improves [431 Lemma 2.1]. 

Example 6.5. The sequence S2 of ideals of Hilbert-Schmidt polynomials is weakly differentiable 
and multiplicative with constants ct^i = 1. 

Proof. Let -ff be a Hilbert space with orthonormal basis (ej)j. Recall that S2{H) is the comple- 
tion of finite type /c-homogeneous polynomials on H with respect to the norm associated to the 
inner product 



Let P G V'^iH). It is not difficult to deduce (see [251 Lemma 1]) that P belongs to 5|(iJ) if 





«i,...,ife 



and only if it is (uniquely) expressed as a limit in the 5^ (i7)-norm by 



(12) 




ii,...,jfc 



with symmetric coefficients Ui 



■ii...ik 



€ C and 




«i,...,ifc 
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Let (/3 G S2{H)' and let Q = bi^ i^e^^ ■ ■ - ^k ^ ^ii^) such that ip = {■,Q)si^(^h)- Then 

{Pxk-i,Q)sl,{H) — ^ ( ^ ^ii---ik^k+i • • • ^ik)^h---ir 

ii+i,...,ik 

This series is absolutely convergent, indeed 



n, •••>«; «i, «!+iv>*fc 



il,---,H ii+i,...,ik ii+i,...,ifc 
|2, . ||p||2, . Ilxlpe^-O. 



Thus reversing the order of summation we obtain, 

{Pxk-hQ)s'^{H)= Yl { Y '^il■■■ikK...il)ei^^l■■■ei^■ 
Note that this representation is as in (|12p and since 

il^i,...,ik h,...,ii ii+i,...,ik 

we conclude that x i— )• {Pxi'-hQ)s!^{H) '^^ ™ ^ki^) ^'^d has 52(-ff)-norm < H-PH^K/;-) 
that is, ^2 is weakly difFerentiable with Ck,i = 1- 

Moreover, since the adjoint ideal of 51 (^s a normed ideal of polynomials on Hilbert spaces) 
is again 5^ and since the sequence of adjoint ideals of a weakly differentiably sequence is multi- 
plicative with the same constants by [121 Proposition 3.16], we conclude that 52 is multiplicative 
with Ck.i = 1. □ 

Example 6.6. The sequence Sp of Schatten-von Neumann polynomials. 

Using the Reiteration theorem for the complex interpolation method, or by duality with Example 
13.131 we deduce that Sp is weakly differentiable with constants Ck,i = lifl<p<2 and 



Ck,l < 

for 2 < p < oo. 



We prove now that for weakly differentiable holomorphy types every i?fe2t"6xtension is an 
//fcg- /72[-ext ension . 

Lemma 6.7. Let % he a weakly differentiable holomorphy type with constants as in ^ and 
f G Hf)i2i{X). Then for each open X -bounded set A and a < dx{A), there exist a positive 
constant C and an open X -bounded set A such that for every /c G N and ip G 21^ (£')', ip o 
belongs to Hb<ii{X) and 

d^ f 
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Proof. Since 21 is weakly differentiable, the proof of Lemma 14.51 with the bound obtained in 
Corollary 14.61 works here for any if £ ^i^{Ey . □ 

Proposition 6.8. Let {X, q) be a connected Riemann domain spread over a Banach space E, 
let ^ he a weakly differentiable holomorphy type with constants as in Let e : {X,q) — t- {Y,p) 
be an Hf,(^- extension. Then for each y £ Y there exists connected open subset Z, e{X) U {y} C 
Z C Y such that for every f £ Hi,^{X), the extension f to Y is in Hbi^{Z). In particular, f is 
of type ^inY. 

Proof. Note first that the evaluation at each point y in y defines a continuous character on 
iffea(X), 6y{f) := f{y). Indeed, define the set V C Y consisting in all points yo for which there 
is an open connected subset Z such that yo belongs to Z and every point in Z induce a continuous 
evaluation. Clearly V is an open nonempty set {e{X) is contained in V). Moreover, if (y„) C V 
and y„ — )• yo, then since 5y^ is continuous, the seminorm defined by / i— )• sup^gj^ |(5y,^(/)| is 
continuous (the sets {/ G Hb^{X) : sup^^^ \5y^{f)\ < r} are closed, absolutely convex and 
absorvent and Hh^niX) is a Frechet space, thus they have nonempty interior). Therefore there 
are an open X-bounded set A and a constant c > such that |/(yo)| < sup„gj^ \^y„if)\ ^ 
for every / G Hi,t^{X). Thus V is closed and since Y is connected, we have V = Y. 

Take a point y £ Y and let 7 : [0, 1] — y be a curve such that 7(0) £ e{X) and 7(1) = y. By 
compactness, it follows that there is some open X-bounded set A such that ~< A for every 
t £ [0, 1], that is, for each t, there exists c > such that \g{'y(t))\ < cpA^g) for every g £ Hi)%{X). 

Let / denote the set of all t^ £ [0, 1] such that there exists a connected open subset Z (ZY 
which contains e{X) and satisfies that 7(t) £ Z for every t < to and that g\z belongs to Hh%{Z) 
for every g £ Hbt^{X). To prove the proposition it is enough to show that / = [0, 1]. Since / 
is clearly open, it suffices to prove that if [0,to) C / then to belongs to /. Take ti < to such 
that 7((ti,to]) is contained in some ball B of center 7(ti) and radius r < dx{A) in Y. Let Z be 
the subdomain which exists for ti in the definition of I. Note that e : {X,q) — )• {Z,p\z) is an 
i/fe2t-extension. 

Let £ %k{E)' and / £ Hjj<^{X). By Lemma [UTl y^k°^^ £ Hij%{X), and since the extension 
of / to Z , f\z, belongs to Hi,%{Z), we also have that ipk ° '^'[1^ £ Hht^{Z). 

Moreover, (pk ° ~^r^ is an extension of 99^ ° ^fcr to Z. Indeed if x £ X and {Vx,q) is a chart 
at X in X such that (Vg(2.-),|3) = (e(T4),p) is a chart at e(x) in Z, then 

<^feO— ^(ew) = {p{e{x))) = ifk o {q{x)) 

f 



where (=f=) is true because / o (p|v;(^))~^ = f ° {q\Vx)~^ since e is an i^tg-extension. 
Since (^(pk ° is also an extension of pk ° to Z, we must have that 



(13) \'^k°-i-r] =VkO 



z 



kl J kl 
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Therefore for r < a < dx{A)^ 

k k "Pk^^Hk^E)' 



sup li'PkO—) (7(^1)) I 



jk 



o 



< cC^^p^if) < 00, 
a — r 

where A and C are, respectively, the X-bounded set and the constant given by Lemma 16.71 
Thus / belongs to Hi,<^{ZU B). Since this holds for every / G H)j^{X) and [0, to] is contained in 
Z U B, we conclude that to is in /. □ 

As a corollary we have the following partial answer to a question of Hirschowitz (see comments 
after Definition 15.51). 



Corollary 6.9. If ^ be a weakly differentiable holomorphy type with constants as in then 
the extensions to the H^s^-envelope of holomorphy are of type 21. 

The following result can be proved as Corollary 15.41 but using the above corollary instead of 
Proposition 15.11 

Corollary 6.10. Let % he a multiplicative and weakly differentiable holomorphy type with con- 
stants as in Then the Hjjt^-envelope of holomorphy is an H<^-domain of holomorphy, that 
is, any H<^-extension is an isomorphism. 

The Cartan-Thullen theorem characterizes domains of holomorphy in in terms of holomor- 
phic convexity. It was extended for bounded type holomorphic functions on Banach spaces by 
Dineen [22]. Shortly after, Cartan-Thullen type theorems were proved for very general classes 
of spaces of holomorphic functions on infinite dimensional spaces by Coeure yL7| , Schottenloher 
[m HZ] and Matos [351 ES] • Despite the generality of this theoremJ§, the fact that any holo- 
morphically convex domain is a domain of holomorphy was only proved for spaces of analytic 
functions which one may associate to the current holomorphy type (spaces of analytic functions 
which are bounded on certain families of subsets, with the topology of uniform convergence on 
these subsets) . We guess that this may be due to the fact that the concept of holomorphic con- 
vexity considered there make use of the seminorms associated to the current type. We propose 
instead a concept of -fTfegt'Convexity which uses the seminorms associated to the corresponding 
holomorphy type, and show then that a Riemann domain is an Hi,^-domam of holomorphy if 
and only if it is //feg-convex. 



^The natural Frechet spaces considered by Coeure include, by Corollary 14.61 the spaces Hm and so do the 
regular classes studied by Schottenloher when the holomorphy type is multiplicative. 
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Definition 6.11. For each open X-bounded set A, we define its Hf,'Qi{X)-convex hull as 

^Hbsi{X) ■= {x £ X : there exists c > such that < cpA^f) for every / E Hi,^{X)}. 

Remark 6.12. If the seminorms pA are submultiphcative (as in the case of Hb) then the constant 
in above definition may be taken c = 1. 

Definition 6.13. We say that a Riemann domain {X,q) is Hf,(n-convex if for each open X- 
bounded set A, its -frfc2t(X)-convex huh Ah^^(^x) is X-bounded. 

Definition 6.14. We say that a Riemann domain {X,q) is an ffba-domain of holomorphy 
(i?b2i--ff2t-domain of holomorphy) if each i^ba-extension {Hb<^-H<^-extension) morphism is an 
isomorphism. 

We are now ready to prove the Cartan-Thuhen theorem for -fffea- 

Theorem 6.15. Let % he a holomorphy type with constants as in Let {X,q) be a Riemann 
domain spread over a Banach space E. Consider the following conditions. 

i) X is a Hb%-convex and dxiAjj^^^^x)) — dxiA) for each open X -bounded set A. 

ii) X is a Hb%- convex. 

iii) For each sequence C X such that dx{xn) 0, there exist a function f G Hbi^{X) 
such that sup„ \ f{xn)\ = oo. 

iv) X is an Hht^-domain of holomorphy. 

v) For each open subset A of X which is not X -bounded there exist a function f G Hf)S^{X) 
such that PA{f) '■= supjpf (/) : Bs{x) contained in A and X -bounded} = oo. 

vi) X is an Hhs^i-Hf^- domain of holomorphy. 
Then i) ii) ^ iii) 44> iv) =^ v) =^ vi) . 

Moreover, ifOi is also weakly differentiable with constants as in (0), then all the above condi- 
tions are equivalent. 

Proof. The imphcations i) ii), iii) =^ v) and iv) =^ vi) are clear. The equivalence iii) and iv) 
is contained in [n\ Theorem 4.9]. 

Let us prove equivalence between ii) and iii). Suppose that dx{xn) —5- and that r(/) = 
sup„|/(x„)| < oo for every / G Hm{X). Then the set V = {f £ Hm{X) : T{f) < 1} 
is absolutely convex and absorvent. Moreover V is closed since it is the intersection of the 
sets {/ G Hb^{X) : \f{xn)\ < 1} which are closed because evaluations at Xn are continuous 
in Hb<iiiX). Since Hb'iiiX) is a barreled space, V is a neighbourhood of and thus r is a 
continuous seminorm. Therefore, there are an X-bounded set C and a constant c > such that 
■'"(/) < cpcif) for every / G Hb<ii{X). That is, (xn) C CHi^{X)j aiid thus X is not iftai-convex. 
Conversely, if A is an X-bounded set such that Ajj^^(^x) is not X-bounded, then there is a 
sequence (x„) in A^j^^^^x) such that dx{xn) — ?• 0. This sequence satisfies that sup„ |/(x„)| < oo. 

We prove now that v) implies vi). Let t : X ^ Y he a morphism which is an Hb%-H(^- 
extension but is not surjective and take y in the border of X. Let (x„) be a sequence contained 
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in X converging to y and let i?„ be the ball of center Xn and radius f^i^^iiil. Since A = UnBn 
is not X-bounded, there is some / € Hbs2iiX) such that PA{f) = oo. Let = Un>kBn, then 
clearly pAkif) = c« for every k > 1. Since / extends to / € H%{Y), there is some r > such 
that PBr{y)if) < oo. Moreover, if /c is large enough then Ak C Br{y). Thus, for k large enough, 
we have that PA^if) = PA^if) ^ PBr{y){f) < which is a contradiction. 

It remains to prove that vi) implies i) when 21 is weakly differentiable. 
Claim: If 2t be a weakly differentiable holomorphy type with constants as in ([2]), j4 an open 
X-bounded set and y G ^^^^(x) and / G Hb<^{X), then / o (qlBy)"^ extends to a function 
f € HM^^aMv)))- 

Proof of the claim. Let a < ao < dx{A). Then by Lemma 16.71 there exists a constant C 
(independent of k) such that sup^^^g^^^^^^^^, PA{^k o 4/") - '^PaU)- Thus, 

£ ^EO'c-P.(/) = cc^P,(/)<oo. 

Since this is true for every a < dx{A), we have that the Taylor series of / o (qIbj^)"^ at q{y) 
converges on B^^(^^-^{q{y)) and that f o {q\By)^^ belongs to Hh'^{B^^(^A)iQiy))): ^^'^ the claim is 
proved. 

Suppose now that dx{AB^^(x)) < dx{A). Take y G Ajj^^^^i^x) such that dx{y) < dx{A). We 
define a Riemann domain X adjoining to X the ball B^^(^A)iQiy)) follows. First define a 
Riemann domain (Xo,go) as the disjoint union X U and qo{xo) = q{xQ) if xq G X; 

Q'o(3^o) = xq if G B^^(^A)[(l{y))- Then define the following equivalence relation ~ on Xq: each 
point is related with itself and two points xq G B^^(^A){Qiy))i a^i G X are related if and only if 
q{xi) = Xq and xi may be joined to y by a curve contained in q~^iB^-^(^A)iQiy)))- Let X be the 
Riemann domain Xq/ ^. By the claim the inclusion X X is an i!ff,a--ffa-extension morphism, 
and it is not an isomorphism. □ 

Remark 6.16. By [17^ Theorem 4.9] we also have that if 21 is a holomorphy type with constants 
as in ^ and (X, q) is a domain over a separable Banach space E, then X is an i/ft^-domain of 
holomorphy if and only if X is the domain of existence of a function / G Hf,^(X). 
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